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3. Numerical Method-Regression
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Regression( or Fitting Problem)

Linear Problem
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Regression

« The Most Important Issue in the field of Learnings.

 What is Regression?
— Simply, Curve fitting.
— Goal: find the best Curve or Line.

15

* Important

All samples CANNOT
satisfy the one Line!l!

9

It is an Optimal Problem

10F
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* In other words, Regression is in the filed of Optimizatipon__
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Regression Types

Blue:Sample, Red:Estimated line
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Linear Regression

« Samples are given S={(x1,y1), (x2,y2),..., (XN,yN)}

15 . .. <+«— Red line:

y=ax+b

10

(xi, yi)

20 "0 ' 10 20 30 40 50 60

Knowns: (x1,y1),....(xN,yN)
Unknowns: a, b < Our goal!!

* Goal: Find the a and b for minimizing Error 5 g
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Robotics

Linear Regression
Minimize Error Function

4 Distance:
T e
N N N
J=2e"=2lly-ylIF=2lly-(ax+b)

* Definition of J
— Error function or Cost function

« Jis often the SUM of Squared Error (Least Square)

3
— _ 2
x1,y1)=(1,2) J= IZ” Yi (aXi +b) ”

(
(X2/y2)=(213) 2 2 2
(x3,y3)=(2,2) =(2-(a+b))"+(3-(2a+b))"+(2-(2a+b))"=J(a,b)
{,‘
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How to Find the Minimum?
( In detailed ways later)

« 1. Differentiation

I=ly-yIE =Yy - (ax +b) | =3 (ab)

When 6—‘] =0 and 6—‘; =0, J has minima or maxima.

oa
Example) y =(x—1)°, y'=2(x-1)=0 ..when x=1,y has minimum

e 2. Iterative Method

— More than thousands of methods exist.

— EX) Gradient Descent Method.
Xna = X, _UVJ

Why we use Iterative Method in many applications )

[
such as NN? S
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Linear Regression Solution

I=ly-yIE =Yy, - (ax +b) | = I (ab)

N

01 _ 0 20 (e gy
£=£Z(yi—y) = (=Y + (=) )

N9 =S oty v vy =S oy (MY
—iZaa(yi y) —ZZ(yi V)= y)—ZZ(yi N2

N

=320y, - )0~ 2) = 3 20, - O LEE) = 3 2y, - y)-x) =0

N 0
ab 6bz(y' ) —Z (=¥ = (= ¥) 5

.20, -1)0-2) = Y20y -0~ L) - Yy - -0 -0

ie]
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32201, M%) = D2 - -b) %) =0
¥ b3 = 3xy ()
320y, ~a ~b)(-1) =0
aixi ”&him ---(2

S
2%,

ZYi

Robotics

Linear Regression Solution

Oops,
It is Linear!

Matrix calculation
is O.K.

e Testbh.m
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Simple Example Test5.

%Linear Regression Simple N N [ N ]
S S| [T
X=[ 1 2 : 1 i ' a i 'y'
3.2 —
3.9]; N N b N

N=3;

plot (X(:,1),X(:

o

All
Al2
AZ1
AZ2
A =

B11
B21
B =

P2) ")

% find a, b

1*#1 + 2#2 + 3*3;

= 1+2+3;

AlZ:

= 1+1+1;

[ |

All Al12; AZ21 AZZ];

1*#2+42+3.2+3*%3.9;
2+3.2+3.9;

[B11;B21];

X=1inv (A) *B
a=Xx(1)
b=X(2)

I

-
F

-
F
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Blue:Sample, Red:Estimated line
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Many Samples : Test6.m

m=[2, 3] ; N N &
s=[1, 1.5; inxi in inyi
1.5 2.5]; i i al_| 5
—— N=500; N N b N
X=mvnrnd (m, s, N) ; in Zl Z Y,
L i | L _

plot(X(:,1),X(:,2),".");

% find a, b
311 = sum(X(:,1).72);
Al2 = sum(X(:,1));

A21 = AlZ2;
A22 = N:
A = [ All Al12; A21 A22];

Bll = sum(X(:,1) .*X(:,2));
B21 = sum(X(:,2)):
B = [B1l1l;B21];

X=1inv (A) *B

N
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Linear regression 12regline

ex/ml/l12regline
= — — Import I2regline
il 12regline.test()
Yxn Dx ‘ >y
” N N b}: N
200 - ZXI Zl Zyl

100 -

DI:I | 1 1 1 1 1 |
0.0 10.0 “ 200 30.0

12 Z

N N
I=2lyi-yIF =2y~ (a5 +b)|F = (a,b) &~
i i %
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Question

* Regression works very well with Matrix Operation

(or Linear algebra)

 Well, How about the Curve?

How we
do fitting
with
Curves?

o=
>
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Regression( or Fitting Problem)

Non-Linear Problem
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Question:
Curves are all Non Linear?

« Straight Line is Linear

« Some curves are Non Linear

e But, other curves are Linear.

« Let's Answer g
Which Curves are Nonlinear.. M N
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Regression with Y = ax’ +b

N=1000
¥x=10*rand (N, 1) ; 400 .
350 - L
for i=1:N e
yo = rand*10-5; oor &";:'
a = 3+1*(rand*2-1); 250 |- ..,_:‘f’: “
— 241% *2-1) ; ih v Y
b 2+1* (rand*2-1) ; ool 3.“,‘,.:“,. .
5' N:‘?‘.’g "
y(i) = a*(x(i))"2+b; 150 e
L dme Sl
end 100 - ‘&-ﬁ:.‘.':a;i‘{fgsz
4‘.'#.‘.. .
plot(x,v,'."):; S0 paR
X= [ Kr y! :| ; O0 1 2 3 4 é 6 7 8 9 10
save X1 X;
Generate data
with Genl.m
16 (o=
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Regression Model

I= Yl yIF = D0y, —ax? by’
2 223 (3, -ax-b)(-%7) =0

a—J—ZZN:(y, ax. —b)(-D) =0 ~ _ - _

N
2%
az X +bz X7 = Zyixi2 |L !
| N | N :\l Z
ay x’+b) 1=>"y ! b -0

Matrix Operation
is O.K.

17 (o=
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Test /

% sample generation
genl 400
plot (X(:,1),X(:,2),".")7

Blue:Sample, Red:Estimated line

350

% find a, b

All = sum(X(:,1)."4); 300

Al2 = sum(X(:,1).72); 250
A21 = Al2;

AZZ2 = N; 200
A = [ All RAl12; AZ2]1 A22];

150
Bll = sum(X(:,2) .*X(:,1)."2);
B21 = sum(X(:,2)):
B = [B1l1l;BZ21];

100

50

X=1nv (A) *B 0

x=0:0.1:10; No=
y=a*x."2 + b;
hold 3.0853

plot (x,y, 1) ; 9._8u65

18 (o=

title('Blue:Sample, Red:Estimated line'); s)
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Regression with Y =a(Xx—b)’

N=1000 300 T T T T T T T T T
®x=10*rand (N, 1) ;
250‘- 0...‘
for 1=1:N RS
yo = rand*10-5; ol s
a = 3+1* (rand*2-1); Lt
b = 2+1* (rand*2-1); AR
150 .o:.o :o ..". 3..:!
ot hiE
y(i) = a*(x(i)-b)"2; RSt
end 100 - Q. .c..sﬂ..:..'f f.;..::o : )
Lot ( 'Lt a{‘;::fﬁ“
Proriren i Nk
2‘*.
=0 =, y']; M“S‘“’
7 8 9 10
Generate data
with Gen2.m
19 (o=
N
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Regression Model

3= M1y —yIF =2 (v, ~alx ~b)°)’

0J N 2 2y _
% = ZZ(yi —a(x; —b)")(—=(x;,—b)") =0

D _ 23 (y,—a(x ~b)*)(2a(x ~b) =0

ob 4
< b

i(yi —a(x —b)*)(-(x -b)’)=f(a,b)=0 Non Linear

N 2 Equation
20 -al-b))ax ~b) =0@b)=0 5 N_R Eq

20 (o=t
>
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Questions: What Is the Key Point?
That is Linear or Not.

« Don’t take it the wrong way owing to Curve types

* Linear Regression, ix_x_ ix_ ix_y.
y=ax+b ! ! {a}: !

N N N N b N
J=z||yi—y||2=Z||yi—(axi+b>||2/_in 21 e

y=ax“+b

N N
I=2yi=yIF =2 (v, —ax’ -b)’
y=ax’+b=a()+b - ! - - -
. Linear

T
2

21 (o=
<
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Definition of Linearity

« Scalar Multiplication
If vel, It also satisfies av e L
« Additivity

If veLandv, elL,
then it also satisfies av, + pv, € L

* Remind that
y=a(x—b)*=a([]-b)=a[]-ab
- 1t1s NOT Linear! 2 g
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Back To pp.19 y=a(x—b)
This Regression has Nonlinear Equations

> (¥ —al —b)*)(=(x —b)*) = f (a,b) =0

> (v, —a(x —b)*)(2a(x ~b)) = g(a,b) =0

« How to solve it?

1. N 2
J=2 IVl
0J oJ
—=1 a!b =0,—= a,b =0
= [(@b)=0--=g(ab)

F(%+h)=0=F()+Jh

Nonlinear Newton- A -1
i\> Raphson in pp. 19 ~h=-J"F
—>X.,=%+h=% -J'F 23 =
R
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 How to solve it?
2. Optimization
For example, Gradient Descent Method (GDM)

J :Z| Yi — Y||2 — Z(yi _a(xi _b)2)2

a_
W =
:

Wn+1 — Wn - UVJ

1=Dlyi-yIF = (v -a(x -b)*)’

V] = o i+a‘] J
ca ob
{ZZ(yI a(x; —b)*)(- (x. —b) )}H{ZZ(y, a(x. —b)? )(2a(x. b))}]

<
MU
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How to Find the Minimum?

« 1. Differentiation (Linear Equation)
N N
3=y =yIF =Y llyi—(ax +b) | = I (a,b)
J =J(W,W,, W,,...W,)

D g N g D o A
an aW2 6\N3 aWN

If 1t is linear eqs, then Aw=D

« 2. Iterative Method (Non-Linear Equation)
— More than thousands of methods exist.

— EX) Gradient Descent Method.
X = X, _UV‘J
25
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