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Neural Network
Basic Questions Before Learning it
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We Learn Regression Model
Question: How we do regression for Next Data?
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« Itis NOT alinear and It is NOT a squared function
It looks like a sine function but it is NOT.
+ How we do? - Multiple Lines? 3
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If we divide Three Ranges,
We use Regression
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Who Determines Three or More Region?
Three Regions are Correct? S



Robotics

How can we do It?
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Robotics

If we add all lines, Is it good?
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The Sum of Lines Is Always a Line

N , N (R1) N(R2) N (R3)
I=Ye = 3y —(ax )P+ D Iy —(@ax +b) P+ D Iy~ (ax +by) IF
i ieR1 ieR2 ieR3

« Given condition)
— Region,R =R1+R2+R3
— We cannot determine Proper Region, R1, R2, and R3.
— We must use R.

« Then, if we use ax+b for every Region, R,

N
1=e=Ylly-9IF

ieR
y=aX+b +a,x+b, +a,x+b,=a'x+b'

« Thus, we need another Nonlinear function for )7
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Robotics

Some Function shapes like,
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 Linear function cannot satisfy specific Region

« We Must use every Region = Function must not be Line

- Non linear function
8
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Robotics

Some function shapes like
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Non linear functions are the candidate for Neural Network
Even sine or cosine functions works.
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Robotics

Some function shapes like
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« Triangle curves also work

 Itis also non linear > Remind linearity condition
— Triangle curve is NOT equal that avl+bv2 = v
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Robotics

Remind Boundary Decision
with Linear Function requires Sign func.

O0

/ -9

O
00O

DDD
DT >
700

O

Y =d(x) = sign(ax +Db)

« Sign function is also a nonlinear function Phi, ®
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Robotics

Which Nonlinear Functions are
the Best for Kernel?

* No answer, Definitely

0
---------------

0 x<0
O =
D= —X ax x>0
1+e _ .
Sigmoidal Function ReLU Function
(Rectifier linear Unit)

Radial Basis Function
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Robotics

Define Kernel Function

 These functions are called Kernel function, K

Y =®(X) 1
K(X,Z) = ®(X)D(Z) — tinear A

X : Input vector
®(X): Nonlinear function
Kernel function is a dot product of map data

« All Input data are thought as the results of ®(X)

« Is it good for every cases?
— 1. In most cases, the results are bad.
One kernel function cannot satisfy all possible cases
— 2. Thus, we use many kernel functions - Modern Learning133 {::



Kernel Function K or @©

« Definition of Kernel function is a dot product of D

— But in many books kernel function K and nonlinear function
Pi are in mixed usages.

* Basic of Kernel trick
— Kis a dot product of Pi’s, thus K is Scalar function

K =®,[1D, = Scalar

— Nonlinear function Pi, @ simplifies high dimensional input
Into unknown feature space

— Through Non linear Pi, Kernel can simplifies and linearize a
given problem.

14
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Kernel Functions are thought as
Nonlinear Regression
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Robotics

Kernel Function as Regression

 Use Some function like Gaussian function

| A

« Gaussian function( Probabilistic Density Function)

» X

 Radial-basis function

RBF (x) = exp{—(x_bﬂ)] — #(X)
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Robotics

Regression with RBF 1

y=ax+Db

C

* Objective Function, J is,

J = Z(Yi _¢(Xi))2 = Z[yi _exp[_(Xi_bC)Z]]

8] a¢(x )

== %Zy —p(x)) —ZZy —$(x))

=-4Z[yi —exlo[—(xi ;C)Zﬂexp[—(xi bC) ](Xib—c) i
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Tip for operation like (x-b)"2

X=linspace(s,t,number)
— EX) x= linspace(0,5,6) =[ 0,1,2,3,4,5]
Matrix multiplication has two types.

AR — a billa" b’ _ aa'+bc' ab'+bd’ General Matrix
c dilc' d' ca'tdc' cb'+dd'| multiplication

AoB = a bja b — aa' bb' Hadamard Product
c dilc'" d' cc' dd'

Matlab has two operations

— Matrix = A*B Hadarmard Product = A.*B
* |oop.sys also has two operations
— Matrix = A*B Hadarmard Product = A.mul(B)

18
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ex/ml/lerbfl

for 1t 1in range(®,100):

p = e:-:p[-[:-:—ﬂ.rnult:-:-::}fh} J = Z ¢(X) Z[ —exp[—(X‘;C) ]]

|
# Draw current graph
figure(1)

graph(2)
clear(2)

lot{x,p,"'r"
plotbep. i ei:yi_¢(xi)

# get error
g =

c; -d*sum{e.mul{p).mul{x-cl/b)

t EDE -a*d] dc \ a—J=—4Z:(yi —exp(_(xibc)z)Jexp[_(xi C)Z](Xi —C)

82= g*a. T() oc i
print{ez)

# Draw error =—4Z(ei)¢(xi)—( | )
figure(2) i b
plot(1it,e2);




Ex/ml/l6rbfl
20 an

o oz0r
Blue: y=0.5x+0.3 i
Red: RBF function E
> 1.0F 'E

g 10F

ERRORS!
R ' 500 | 1?0.0
Treration

000 10
X

* cIs the initial center of RBF.

* The result differs with various Initial guess of C. 20
— Guess C=0,0.5,1, and so on.
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Regression with RBF 2

y=ax+Db
a

* Objective Function, J is,

st 5

, b
%zgz ~Wh())" =235 (¥, W (x)) ()

%%Z ~wp(x))" =43y w¢(x)w¢(x)( —¢)

3



Ex/ml/I6rbf2

* Result Comparison
— Use guess, c=0

' Figurel E ' Figurel E
20 20
|6rbf1 |6rbf2
> 10fF > 1.af
2000 ' a5 ' 10 000 ' 05 ' 10
X X
VY V.

« Weight, w works for the better estimation!!

1
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Regression with RBF 3

y=ax+Db

 Objective Function, J Is, 2
J :Z(yi _W'¢(Xi)_wo)2 Z[yu —WeXpL—(X';C)J—WOJ

° - gz ()~ )1 =23 (3, - Wx) -, )

ﬂ %Z — (%) — W, _22 —wi(%,) — Wy )1

O

% EZ — W(X,) — W) —42 —We(X.) - W)W¢(x)( C)

"Ti?



Robotics

Ex/ml/I6rbf3

2
Lt ] X, —C)
for 1t 1n range(©,500): _ W, N 2 _ o _( i B
p = exp(-{x-c).mul(x-c)/b) J Z(yl W @(X;) Wo) Z Yi —Wexp —b W,

# Draw current graph

figure(1)
graph(2) a'J a

—WA(X) — W)
clear(2) (
plot{x.p.'r") 5W 60

# get error :_ZZ Yi —W¢(Xi)—WO)¢(Xi)

g2 = y-w*p-wb
d]_dw= -2*sum(e.mul{p)) &] 8

d1_dwe= -2*sum(e) - _ ( —We(x.) — W)
d1_dc= -4*sum(e.mul{w*p).mul{x-c)/b) §WO aC

# GDM —
W= -a*d]_dw - _22 yi _W¢(XI) _WO)]'
wl= wh-a*d]_dwb :

c =C -a*d] dc 0J 0 )
Erini[gﬂ oc oOC*5 (y' W¢(X') WO)

# Draw error (X- —C)

fiqure(2 = -4y, —wp(x) — W, ) We(x,)

plot{it,e2);
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Comparison
between ex/ml/lerbf2 and ex/ml/l6rbf3

* Result Comparison
— Use guess, c=1

' Figurel ' Figurel
20 20
|6rbf2 ' 6rbf3
| 1D/ = 1D/
0o, : o : oot : ! :
¥ 3 i i 3
/% /%

« Both weight, w and bias w0 work for the better

estimation.
25
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Robotics

Definition of Weight and Bias Parameter

* Only Kernel function
J = Z (v —9(x))

« Use Weight, w

 Use Bias, w0

26
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Neural Network
Equation
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Weight

« Non linear function Phi, @ strengthens some value
INn every input space

« Weight is a linear combination of Phi, @

ad(X) jAk g

Robotics

linear
<

T D(WX)

nonliear

-
-
-
I

d(X)+b

linear

28
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Weight

 Linear weight Y =ad(X)+b=Wd(X)
 Nonlinear weight Y —= d(wX)

« Linear weight can be simplified as in Homogeneous

Transform
Y =ad(X)+b=|a b]{q)(x)} W {(D(lX)}
ExampleY . X b ; b _(I)(Xl)_
(M 2 3 oo
Y, a,d(X,) b, 0 a, b, .

{:.



Define Discrimination Function

* |nput X

 OutputY:
— During learning, output of YA:WCD(X) is NOT well learned
> Approximationof Y =Y ..Y =W®(X)

Weight : our goal parameter
— like a and b in linear regression

e Cost function, J is a function of Error
y * J = Zeiz = ZH V.~ Y| — Minimization

ol ~ N i ieR

/‘ oY 53

A s TE V =—— — Gradient Descent Method
/ S——— oW

B ¢ : 30 o=
Data(xi,yi) W'«W —-aVJ 9



Neural Network Layer

e Input=X and Output=Y
 More Layers are used for creation of hyper space

XTI

W, W,

S
B3t

02 01 1 06

3 1 1 1

Linear Y —\\W/X 1 X O J é) g\)\)

31
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Robotics

Hidden Layers maps
from Lower to Higher level

« Remind
— Face detection by

. ~ . ' Haar feature
- EHHE o
| | | dominant feature

Stage 1 ‘ ':"" | ¢ Stage 21 mapS
: i I ' e features in more
Stage 21 A i’"i‘ ’ 1 1
g 03 0B,
U

detailed ways
Detailed Feature

Raw image

m « Some stages(or
. 206

layers) seem
meaningless

—> Output is meaningful

32 45=C
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Robotics

Build Space Shuttle

Space shuttle

T

Aviation Manufact- Fever

turbine control turbine Program Physics

cycle motor

r math

Hidden or Middle layers can
be more than input or output

Your resources, Money, time, labor, and so on

33 4=
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Sigmoidal Function-based Neural Network
Y =W,d(W,X) 1=Z¥et =Sl -9

2 ieD IeD

ZWZZ VJ(\Nl,W):VJ dw, +VJ,, dw,

_ _ oy
Vi, = aw ;(y. )( awj

= _Z(yi - 9)\N2(D '(\N1X)X

ieD

W < W, —aV],,
- ~ _ oy
Sigmoidal Function,® = 1_ VJWZ av\/ Z(y' y)( oW,
1+e™ D
, e 1 . .
D= —— 2=c1>(1— j == (Y, = NOW,X) ==> (Y, - 1)Z
(1+e7) l+e icD icD
= ®(l - D) S W, W, —aVd,, U g
<D
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Background of
Vector and matrix Differentiation
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Robotics

Differentiation of Neural Network

« Remind Differentiation for Gradient Descent Method

21 1 a2
J—zZei 2leyi 7l

ieD ieD Vector
0] ) o5
VI, ==—==2. (¥~ y)[o— ji
oW, ; oW, Matrix

= _Z(yi - 9)\/\/2(1) '(\le)x

ieD

W W, —aV],,

It looks like
Matrix Multiplication

* Question:

“Differentiation Vector with Matrix”, Is it Possible?

36 4=
<



Differentiation Scalar, Vector, Matrix

Scalar Vector Matrix
y y Y
Scalar oy @y oY
X ox ox ox
Vector oy oy
Matrix oy
X ox

« Unfortunately,

Differentiation Matrix by Matrix is Impossible

37 &=
<



Differentiation of Matrix 1

e Lemmal 3
= A X — Y _ A
mxl  Mxnnxl OX
 Proof

k=1 8XJ an k=1 Xj
N =q; foralli=1..mandj=1...n
OX;
Yo
OX

38
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Differentiation of Matrix 2

e Lemma?2
y = A X 8y 8yax AQ
mx1 XNl 62 X oz 0z
 Lemma 3 _ T T
If c=y Ax=Yy y=yl¥
y=Ax1 T T AT
mx1 MmN nx c=C =X AY
T
3@:8yAx_y AQ_yA
OX OX OX Ixn
T AT
60 6yAx ?:ac 6(: é?xAy:XTAT
Ty oy oy o oy 0 g



Differentiation of Matrix 3

e Lemma4
: T oC T T AT
If c=x AX — —=X A+X A
OX
 Proof

C= ZZ% X
n
- —_ZakJ J+Zaikxi
j i

40
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Differentiation of Matrix 4

 Lemmasb5
y =y(z),x=x(2) j@:XT@JFyTQ
if c=y'x=scalar Oz 0z 0z
* Proof

c=y'x=c' =x'y
ac_acay+acax
0Z 0oy oL OXOoz

Ny y' x
0z 0z

—

3



Differentiation of Matrix 5

e Lemma 6
. oC OX
if c=x"x=scalar =—=2x'-—"-
0z 0z
e Lemma/
if c=y' Ax

_ oc oc _ dc ay oc OX
0z @y 0z 8x oz

ay 82 az 62 0z 40

3



Hadamard Product

« Matrix Multiplication ( what you have learned)

AB= A B =AB

mxa axn mxn

« Hadamard Product (Matlab - A.*B)

all a12 e aln bll b12 e bln
a, a, .. a b, b, .. Db
AO B — AO B — 21 22 2N o 21 22 2n
mxn mxn [N ] RN N RN nEn ]
_aml am2 a‘mn _ _bml bm2 bmn |
ailbll a12 b12 e ain bln
_ a21b21 a22b22 a2nb2n :AB
mxn
43 =
_amlbml am2bm2 amnbmn_ %




Neural Network I\/IuItipIication Problems

* You cannot differentiate NN directly

I ] Ixk kx j X iXj ix]
Neural Network
— — Multiplication
Cij o z ‘,aikbkj Cij o aij bij
Matrix Multiplication Hadamard Multiplication

44
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Neural Network Weight Update
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Robotics

Weight Update by Gradient Descent Method
IS the key for Neural Network

2

But, Differentiation is Complex

2

We learn Basic Structure first

2

Extend above Neural Network Structure

46 o=
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Network Model by Matrix Expression |

/

nxh

v
[z 11-W, — Yl

nx(h+1) (h+1)x1

Neural Network
Z=0(x W)
Y=[Z IW,

47
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I
Network Model by Matrix Expression |

nxh

v
[z 11-W, — Yl

nx(h+1) (h+1)x1

1 1| y=x°
22 I —

3 9

4 S | [ 16




Network Model by Matrix Expression |

n x h
X Ll
nx1 (h+1)x 1
v 0
X =[x 11—W, Z
Nx2 2%h n>ih
[Z 1]— W, — Y
nx(h+1) (h+1)x1 nx1
111 h wil w12 w13 w14 wi5
+w21 +w22 +w23 +w24 +w25
211 wll | wl2 [ wl3 | wl4 | wilb 2wi1l 2wW12 2w13 2wl4 2w15
n — | +w21 +W22 +w23 +W24 +w25
Sl1| [wer | w22 | w23 [ w2a | wos
3wll 3wl2 3wl3 3wl4 3wls
4 1 +w21 +w22 +w23 +w24 +w25
w1 4wl 4w12 4w13 4wl4 4w15 )
w2l W22 w23 w24 W25 =
[x 1] >



Network Model by Matrix Expression |

nxh
X L
nxl (h+1)x 1
' @
—[x 11—W, Z
nx2 2xh nx*h
[z 1]1-W, — Y
nx(h+1) (h+1)x1 nx1
N ( wll wl2 wl3 wl4 wl5 \
+w21 +w22 +w23 +w24 +w25
2wll 2wl12 2w13 2wl4 2wl5
Z . @ +w21 +w22 +wW23 +w24 +w25
T 3wll 3wl2 3wl3 3wl4 3wl5
+w21 +w22 +wW23 +w24 +w25
4wll 4wl2 4wl3 4wl4 4wl5 (5=
\ +w21 +W22 +w23 +w24 +w25 / s)



Network Model by Matrix Expression |

n x h
X L
nx1 (h+1)x 1
v 0
X =[x 11—W, Z
2 nxh
nx 2xh v
[z 11—-W, — Y
nx(h+1)  (h+1)x1 nx1
n h w2,1
/ wll wl2 wil3 wl4 wil5 \ 1
+w21 W22 +w23 +w24 +w25 w2,2
2wl1l 2w12 2w13 2w14 2w15 1 Ww2.3
(I) +w21 +w22 +w23 +w24 +w25
3wil 3w12 3w13 3w14 3w15 1 w2,4
+w21 +w22 +w23 +w24 +w25
2,5
4w1l 4w12 4w13 4w14 4w15 1 W )
\ w2l w22 w23 w24 w25 y f‘-
w2,6 Y




Network Model by Matrix Expression |

)
X1 w1 — 7 I g sl
nxh
X L
nx1 (h+1)x 1
' 0
X = [X |] —»Wl VA
nx2 2%h n>ih
[z 1]-W, — Y
nx(h+1) (h+1)x1 nx1

(D(Wll + W21)W2,1 + (D(W12 + W22)W2,2 + cD(W13 + WZS)WZ,S + (D(W14 + W24)W2,4 + (D(W15 + WZS)WZ,S + W2,6
CI)(2W11 + WZl)WZ,l + CI)(2W12 + W22)W2,2 + CD(ZW13 + W23)W2,3 + CD(2W14 + W24)W2,4 + cI)(2W15 + W25)W2,5 + W2,6
CI)(3W11 + W21)W2,1 + (D(3W12 + W22)W2,2 + (D(3W13 + WZS)WZ,S + CI)(3W14 + W24)W2,4 + CI)(3W15 + W25)W2,5 + W2,6
CI)(4W11 + WZl)WZ,l + CI)(4W12 + W22)W2,2 + CD(4W13 + W23)W2,3 + CI)(4W14 + W24)W2,4 + CI)(4W15 + W25)W2,5 + W2,6

{:




Differentiation with W2

1 1 Lemma 5.
_ 2 T
J_Ezk:ek =oe'e : c—x"x
X
0] _ v o &L _Hy1 X
oW, oW, 0z 0z

8 _ g0 oY _ oz 1w, [z

oW, AW, oW, oW,

I ]nx(h+1)

)
Transpose — Vector :( ) j =—([Z oy )T e . =—Z ITe
(h+1)x1

2

53
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Differentiation with W1

1
\] :Ezekz

0J Iy = %) N,
TR AT L e TR
— e0 D(Wyy| + Wy )W, + D (W, + W, )W, , + (D(ng + W )W, 5 + D(Wy, + W, )W, , + D(Wig + Wog )W, 5 +W, ¢
oW,

iy D2, [+ W, )W, ; + D(2W;, + W) )W, 5 + D(2W,5 + Wi )W, 5 + D(2W, + W, )W, 4 + D (20 + Wog )W, 5 + W,
oW,

e D (3w, W, )W, ; + D(3W;, + W, )W, 5, + D (BW,5 + W3 )W, 5 + D(3W,, + W, )W, , + D (3W,5 + Wog )W, 5 + W, ¢
oW,

e, OD (AW, t+ Wy )W, 1 + D (AW, + Wy )W, , + D (4w, "';Vvig)wz,s + D (AW, + Woy )W, , + D (AW,5 + Wog )W, 5 + W,

1
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Differentiation with W1

0, oY =¥ Y,
zk Yo e Ao T,
__ acI)(Wll + W21)W2,1 P aq)(zwll + W21)W2,1 _e 6®(3W11 T W21)W2,1 _e acI)(4W11 T W21)W2,1
1 oW, 2 oW, 3 oW, ‘ oW,
=€ I(W11 T W21)W2,1 —6,0 '(2W11 T W21)2W2,1 -0 I(?’Wll T W21)3W2,1 —,0 I(4W11 T W21)4W2,1

Can you find the PATTERN?

55
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Differentiation with W1

1
J :Ezekz

aek _ a(yk_yk)__ ayk
—Z 3w Zk: . 2 & ow,

J 1j k j
8(1)( 1j+W2j)W2,j_e aq)(2W1j+W2j)W2,j_e @(13(3W1j+W2j)W2,j_e OD (AW, + W, JW, ;
1 2 3 4
anJ' anj anj anj
=—-e® '(le + sz)WZ’j —e,® '(2W1j + sz)ZWZIj -e,® '(3W1j +W2j)3W2,j -e,® '(4W1j + sz)4W2,j

P A
_Z k ()gw Yi) _Zek aawyk
2j k 2j

_Z A

J J
8(1)( Th: 21.)W2,j_e od(2 1j+W2j)W2,j_e 8(1)(3W1j+w2j)w2,j_e OD (AW, + Wy JW, ;
1 OW, i OW, ’ OW, * OW,

=—-e® '(le +W,, )Wz,j —e,® '(2W1j +W,, )Wz’j —e,® '(3W1j + W, )Wzyj -e,® '(4Wlj +W,, )W2 .




Differentiation with W1

1
J :Ezekz

0J aek a(Yk B yk) 89k
oW, Zk:kaw1j ;k OW Zkaw1

1j k

j

= —g D '(W,; +W,; )W, ; —€,D'(2W,; + W, )2W, ; — ;D '(3w,; +W,;)3wW, ; —e,D (4w;; +W,;)4w, ,
= D (X W, +W, )XW,
k

Z Z oY — ¥i) __Z k N
2' k 2j k aWZJ aWZJ
=—-e®d'(w it 2j) w,; —e,® '(2w, | sz)wzyj—egd) (3le+W2j)W2’j—e4CD'(4W1j+W2j)W2,j
= Zk:—ekd)'(kalj + Wy )W,

3



Differentiation with W1

1,
J:EZEK C=AB C=A-B

I ] IxK kx| IX ] IX] ix]
=[x, 1]

—> X,
N c; =D &b G =ab;
— X ={ ﬂ k

. T
aw _ Z X 8D (X Wy + Wy W, | = Z—xkesz,jcb = Z—xk (eWZ,hxl)kj
1] K “

= Z_lekq) I(kalj + W )Wz Z 1(eW2Thx1) 'kj
k k

ORY

2]
0J . .
%:Z—xfk (eW; ), @'y =20 -X (eW, o @7),
ij k k
. oJ =X (eWT o(I)') Hadamard
oW, ? multiplication -

%



Neural Network Example

(h+1)x 1

Z

nxh

\ 4
[z 1]-W, — Y
nx(h-+1) (h+1)x1 nx1
1
Ze'e
2

59
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Python Example: |13sig

()
X1 w1 — 7 15 sl
nxh

X |
nxl (h+1)x 1
' 0
X =[X |] —»Wl VA
nx2 2%h nX*h
[z 11-W, — Y
n=11 nx(h+1) (h+1)x1 nx1
h=20
x= linspace(0,10,n).T() [ 0.0000 ]
y= —0.1%pow(x—-2,2); [ 0.2500 ]
s x x= [ 0.5000 ]
y4 I %[:,2] = 1\ [ 1.0000 ]
Wl=randn(Z,h) n>><<2 - [X I] 60 4o
WZ2=randn (h+1,1) %




Robotics

Python Example: |13sig

(X Figure1 | 82 | [ Figure? (=]
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40.0 . .
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200

from I3sig.py

100
FoL ' ! : 0.0k : : : ! : . i !
0o 5.0 10.0 500.0 1000.0 1500.0 2000.0
b b
Blue: y J during 2000 iterations
Red: Y(est) 61 &=

4



If we Increase Hidden Space?
:Hidden Space Increases Estimation Performance

« h=20 - h=200 - — —
K igure 2
« What happens? il

n=11
h=20

1.0-

20-
x= linspace(0,10,n).T()

yv— —0.l%pow(x—2,2); > .a0-

X A0~
M= i
®[:,2] = 1 50-

I=ones(n,h)
B0~

Wl=randn (2, h) e | .
WZ=randn (h+1,1) oo 5.0 10.0

Hidden layer increases the DOF of Estimation Results -
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