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Neural Network with RBF
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Mean and Variance

« Mean value ¢
3 ? S«

1N
=— % X

3+4+1+3+2
N =5

2.6

ex)u =

— Find the best value to minimize error.

N , N , 0 N
=Y = (6 D=2 (x, - ) =0
k=1 k=1 H k=1



Mean and Variance

 Variance

19 .
o = WZ(XK — )’ o : Standard Deviation
k=1

« QOops, Itis very similar to Cost function, J

— Variance is the mean value of Cost function
— Cost function: sum of squared errors
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Robotics

Gaussian Distribution

2
PDF(x) = 1 eXp(_E(X_—'uJ j Probability Density Functig)n o
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Robotics

Gaussian Distribution Example

« randn with Matlab or Out Program
— X=randn(100,1)
— plot(X)
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Gaussian Distribution
with mean and variance

« Why Gaussian distribution?

5 Figure1 =
In many cases, error is distributed
in Gaussian distribution.
- That is why Gaussian distribution
J M\ A A is used for Nonlinear function in NN.
M )\\‘”[ IAA }\V/\ h.’l f\ vn A ﬂ
I VV i L\/VV\JV WU
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NN: Cumulative Gaussian function

X 2
Cum(x) = j—l exp —E(X_“J dx Similar to
Sigmoidal function

—00

randn(100,1)
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NN: Gaussian Function Sum

« Think line regression example
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Xa~ N(w,07)
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Radial Basis Function (RBF)

« Sum of Gaussian function expresses any function.

1 C1(x-pY
G(X)_G 27zexp( 2( o j]

X~ N(u o)

 RBF is simplified Gaussian Function

on-on{ {252 ool (52

w, b = weight

ex) d(x=u) =1 0
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RBF Superposition

« Sum of RBF can estimate a given data, D

9(x)=2®k(x)=zexp[[xbwk] ]

,/’/
15"

4 5 6

b=1 and various w
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Example: Kernel Function Superposition

* Window:
— Sample with Window Size and build kernel value

« Dirchlet Window( Rectangular Window)

— [dir-i-kley]
, 1 1N
Window, w Signal, s Windowed
signal
_

« RBF Kernel is thought as Window ‘ ‘
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RBF Feed Forward Method

 Feed forward method with data,

y(x) = Z ykq)k(x) = Z Yi exp(_(x_b)(k j j

keD k

b = const

« Example) Measure the distance

D=( deg, distance) y(x)=

_ 2
(.80, 8) 8exp(—(x+80)°) +

(-20, 3) 3exp(—(x + 20)%) +
(0, 2.5)
(20, 3) 2.5exp(—(x+0)%) +
/ \ (80, 8) 3exp(—(x—20)%) +
8exp(—(x—80)%) 13 &
o>



Robotics

RBF Feed Back method

2“
o ..R'\, o
1.5~ ‘: | |
various b and w
/ N W=[0,1,2, 8,9]
1 \ \S b=[1,1.2,1,1,1.2]
0.5
ol
0
2r ‘./ .
1.5L ,;,?""/‘ )
various b and w
w=[0,1,2, 8,9]
b=[1,1,1.2,1.2,1]
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RBF Feedback Network Structure

* RBF Network

y(X) =W,®(x) =W, eXpL_( X_B\Nlj }

7 _ X =W,
W2 B
Y1 Y =W,Y, =W,®(x) =W, exp(-Z?)
Y =®(2)
Z
W1,B

15
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Network Model by Matrix Expression |l

Y —_—
w2 x| - W] —D Z 1|2 —ly
Y1 nxh
Y = (h+1)x 1
1
x-W,=z _ P v =0(2)
Z nx1 1xh nxh nxh nxh
v
Wi [Yl |]_,W2 Y
y nx(h+1)  (h+D)x1 n>1

Neural Network

Y :[Yl I]\Nz

Data
16
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I
Network Model by Matrix Expression |l

Y I
w2 X - W1 — Z I E — Y
Y1 nxh
Y, = @ (h+1)x 1
1
x-W,=z _ P v =0(2)
Z nx1 1xh nxh nxh nxh
v
Wi [Yl |]_,W2 Y
nx(h+l)  (h+l)x1 nx1
X
1 1| y=x°
22 I —
L
4 NN 16
Data




Network Model by Matrix Expression |l

Y N
w2 X -Cwr —q@ oz JiIE —sy
Y1 n x h
_ h+1)x 1
Y, = d( . (h+1)
x-W, =Z Y, =®(Z)
Z nx1 1xh nxh nxh nxh
v
Wi [Yl I ]_> Wz > Y
nx(h+l)  (h+l)xd n>1
X
1 h 1-wll 1-w12 1-w13 1-wl4 1-w15
2 2-wll 2-wl2 2-wl3 2-wl4 2-wl5 1
N - [wll [ wl2 | wi3 | wl4 | wil5 _ X —
3 3-wil 3-w12 3-wi3 3-wild 3-wi5 b
4 W1 4-wil 4-w12 4-w13 4-wl4 4-w15

1



Network Model by Matrix Expression |l

Y —_—
W2 - Wi — @ Z ;‘5 _>
Y1 nxh
Y, =O( (h+1)x 1
1
x-W,=z _ P v =0(2)
Z nx1 1xh nxh nxh nxh
v
Wi [Yl |]_,W2 Y
y nx(h+1)  (h+D)x1 n>1

- n N\

n 1-wll 1-wl2 1-wl3 1-wl4 1-wl5

2-wll 2-wl12 2-w13 2-wl4 2-w15
Y, = D 1
3-will 3-wl2 3-wl3 3-wl4 3-wil5 b

4-wll 4-w12 4-w13 4-wl4 4-wl5

1




Network Model by Matrix Expression |l

Y S
w2 X - Wi — @ Z 1|2 — sy
Y1 nxh
Y1 = (1)( o (h+1)x 1
Z nx1 1xh nxh nxh nxh
v
" Y, 1]-W, — Y
nx(h+1) (h+1)x1 nx1
X
/ h \ w2,1
n 1-wll 1-w12 1-w13 1-wl4 1-w15 1| w2
q) 2-wll 2-wl2 2-w13 2-wl4 2-w15 1 1 w2,3
3-wil 3-wi2 3-wi13 3-wld 3-wi5 X E 1| | V24
4-w1l 4-w12 4-w13 4-w14 4-w15 w2,5
1 .
\ / w2,6 s,




Network Model by Matrix Expression |l

Y —_—
w2 X - W1 — Z I E — Y
Y1 n x h
Y =(D( (h+_1)x 1
1
x-W,=z _ P v =0(2)
Z nx1 1xh nxh nxh nxh
\ 4
Wi [Yl |]_,W2 Y
nx(h+1)  (h+D)x1 n>1
X
)7=

(D(l_ W11)W2,1 * CI)(l— W12)W2,2 * (D(l_ W13)W2,3 * CI)(]_— W14)W2,4 * (D(l_ W15)W2,5 TWoe
CD(Z - W11)W2,1 + (D(Z o W12)W2,2 + CD(Z o W13)W2,3 + CI)(Z - W14)W2,4 + (D(Z o W15)W2,5 TWo
(D(3 o W11)W2,1 + (D(3 o W12)W2,2 + (D(3 o W13)W2,3 + (D(?’ o W14)W2,4 + (D(3 o W15)W2,5 TWoe
CD(4 - W11)W2,1 + (D(4 - W12)W2,2 + CD(4 o W13)W2,3 + CD(4 - W14)W2,4 + (D(4 o W15)W2,5 TWoe

1
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Simpler than sigmoidal function



Differentiation with W2
= Same with sigmoidal function

1 1 Lemma 5.
_ 2 _ T
J_Ezk:ek =5¢e c—x"x
X
0y _ 5 e &L _H1 X
oW, oW, 0z 0z

8 _ o _ oY __caY, IW,

=—g' I
5W2 @WZ aWZ aWZ 1xn [Yl ] nx(h+1)

Transpose — Vector = (

.

J T T

j :_([Yl I]nx(h+1)) ea=—1V, Il'e
(h+1)x1

2

22
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Differentiation with W1

J= 1Zekz
2%
0J 08, oy, — Vi) %
oW, ) ;ek Wl :; aW11 Z ek
_ —618 (D(l_ Wll] Wout (D(l_ W12)W2,2 + (D(l_ W13)W2,3 + d)(]_— W14)W2,4 T (D(l_ W15)W2,5 T Woe
oW,
—62(3 CD(Z T W11)W2,1 + CD(Z B W12)W2,2 + CD(Z B W13)W2,3 + (D(Z B W14)W2,4 + (D(Z B W15)W2,5 +Wos
oW,
—6‘30 CI)(3 T W11) o, + CI)(3 B W12)W2,2 + CD(B B W13)W2,3 + CD(3 B W14)W2,4 + (I)(3 B W15)W2,5 +Wos
oWy
—645 (D(4 B W11)W2,1 + CD(4 B W12)W2,2 + (D(4 B ng\)Nwz,s + CD(4 B W14)W2,4 + CD(4 B W15)W2,5 +Wos
11
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Differentiation with W1

1
J :Egekz

oJ :Zek aek :Zek a(yk _Yk) :_Zek 8Yk
anl k anl k anl k anl

8CD(1— W11)W2,1 _e GCD(Z B W11)W2,1 _e a(I)(S_ W11)W2,1 _e 8(1)(4 B W11)W2,1
oW, 2 oW, 3 oW, ) oW,
=€ (A- W11)W2,1 —6,0 (2- W11)W2,1 -6 (3- W11)W2,1 —6,0 (4- W11)W2,1

= _el

Can you find the PATTERN?

24
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Differentiation with W1

0J aek a(yk_yk) Wk
oW, ;kawi,- ;k ow, ;kawi,-

=€ A- Wi )W2,1 —6,d (2- Wi )W2,1 —6;d (3- Wi )W2,1 —,0 (4- Wi )W2,1

= _Z e, |(Xk — Wi )W2,1
k

 RBF is much simpler than Sigmoidal function
* Remind that Differentiation of Exponent is also simple

* ®(x) = exp(x)

D '(X) = exp(x) = D(X) N

%



Differentiation with W1
J =%Zek2

o8 <. oW —%)_ Y,
Z k J ; anj Z ‘ anJ
— _elq) (1_ 1j)W2,1 _ezq) (2_ ')W21 —& o (3_ ')W21 _e4(D '(4_W11)W2’1
=28, D (X Wy Wy =3 (W, ), (X, — W)
k k

= _Z (esz,hx1 )kj O '(ij )

k

0J
= —ZZ(GWZT )k od, o Zk = _22<9W2T )k °Y1,k © Zk Where j?
8W1 k k

26
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Network Model by Matrix Expression |l

X - W1 — D 7 I E sy
nxh
(h+1)x 1
x-W,=z _ @ Y =d(Z)
nx1 1xh nxh nxh

[Yl 1]-W, — Y

nx(h+1) (h+1)x1

0J
=23 (ew),,) ®(Z.)ZL =2 ([ 2.y
5W1j ;( Z,M) ( Z / n x ; 1xh K ‘
0J ol oJ o 0J
= : : 2 D2 () a2 (.
6W1 |:(9W11 awlz 5W13 awlh :|1Xh |: Z kl ;( )k2 ;( )k3 ;( )kh i|1xn
0J

e 2;(ewzT ), *Ya 0 Z,



Network Model by Matrix Expression |l

Y —
" X - Wi — @ Z I E — Y
Y1 nxh
Y1 = O (h+1)x 1
x-W, = Z P v -d(2)
Z nx1 1xh nxh nxh nxh
v
" [Yl I]_’Wz — Y
nx(h+1) (h+1)x1 nx1
X
T 1 > 1 1
J=2Y(y—%) == e’==¢€e
_ T _ T c ‘ )
em((x\ng = Cna (W2 )1X(h+1) _(eW2 )nx(h+1) 2 k 2 k 2
J
! Vector . =2 eW') oY o7
7 Fna (\{]Vij = na (WZT )1><h - (eWZT )nxh oW, k=1..n( i )k bl
Vector :

[
|
<
(D_|
%



Robotics

Example: | 7rbf.py

x| - Wi —@ Z IS
nxh
(h+1)x 1
x-W=2 _ P v =0(2)
nx1 1xh nxh nxh nxh

H

v
[Yl I]_'WZ — Y

nx(h+1) (h+1)x1

nx1

n=11
h=200

x= linspace(0,10,n).T()
v= —0.1*%pow(x—2,2);

X
X=x
I=ones=s (n,h)

Wl=20*randn(l, h)
b=1
WZ=randn{h+1,1)
2 =array(n,h)

fmean

¥Yl=array(n,h+1)
¥1[:,h+1] = 1;

alpha=0.1;



Robotics

X - | W1 — @ 7 I E sy
nxh 1 i 1 1
|| J==2 (¥ yk)z__zekzz_eTe
2% 2% 2
(h+1)x 1 5
Xx-W, = Z ® v =0(2) Vector : ——=-23"(eW,") oY,, Z,
nx1 1xh nxh nxh nxh 5 1 k

Iy, 1]—W, — Y Vector:Wz—[Y1 1T e

mx(he1) (h+1) nd oW, /
. for 1 in range (0,2000):
Z ::X VVl — for 1 in range(l,n+l):

b T 2[i,:] = (X[i,:]-W1[1,:])/b
¥Y1[:=:,1:h] = exp(—-2.mul (2} )
b4 = Y1*W2
e = ¥—X
J = e.T()*
dwz = -¥1.7()*e
dWwl = -2%((e*W2[1l:h,:].T()) .mmul(¥1[:,1:h])) .mul (&)
dWl = sum(dWl,1);
Wl = Wl-alpha*dWl 30 {‘3
W2 = W2-alpha*dwZ <




Robotics

X - W1 — D 7 I E sy
nxh 1 1 1
A )2 2 T
i J:_Z(Yk yk) __Zek =-€¢€
2% 2% 2
(h+1)x 1 53
. T
Xx—W. = Z ® v =0(2) Vector : ——=-23"(eW,") oY,, Z,
nx1 1xh nxh nxh nxh 1 k
v 0J T
Y, 1]—=W, — Y |Vector:——=-[Y, A]'e
ax(he1) (h+l) nd oW,
. for 1 in range (0,2000):
Z ::X VVl — for 1 in range(l,n+l):
b T 2[i,:] = (X[i,:]-W1[1,:])/b
- ¥Y1[:=:,1:h] = exp(—-2.mul (2} )
Y = Y1*W2
enxl W2 = = ¥—X
(h+1)x1 J = e.T()*e

T
—p i dWw2 = —-¥1.T7()*e
e dWl = -2%((e*W2[1l:h,:].T()).mul(¥1[:,1:h])) .mul(3)
T dWl = sum{dWl,1);
:(eW2 ) h -
La Wl = Wl-alpha*dwWl 31 {‘
W2 = W2-alpha*dwZ <




Robotics

x| - Wi —@ Z IS —ly
nxh ) , 1 .
J:_Z(Yk yk) :_Zek =,¢¢
T 2 k 2 k 2
(h+1)x 1
: T
Xx-W, = Z ® v =0(2) Vector : ——=-23"(eW,") oY,, Z,
nx1 1xh nxh nxh nxh 1 k
v
Y, 1]—=W, — Y |Vector:——=-[f, I]'e
nx(h+l)  (h+D)x N>l 2
. for 1 in range (0,2000):
Z ::X VVL for 1 in range(l,n+l):
b T  &[i,:] = (X[i,:]-W1[1,:])/b
¥Y1[:=:,1:h] = exp(—-2.mul (2} )
X=[012 ¥ = Y1%W2
34 5] e = y-Y nxh L 1xh |
J = 2.T()*e
sum(X,1)
=[357] ~_] dW2 = -¥1.T() *e
1l = -2%((e*WZ2[Y:h,:].T()) .mul(¥1[:,1:h])) .mul(Z)
iu[”;(xrz) \ﬁl\:’sum{dm, 1);
12] Wl = Wl-alpha*dwl SN
W2 = W2-alpha*dwZ <




Robotics

RBF Result

Figure1 [= D Figure1 =]

no-

[ Figure1 IEl

-5.0; a=0.1
... lteration=30 1.0

a=0.1
Iteration=20

B ' 1 ' 1
nn 1.0 oo 50 0.0
# I

2.0

=30
-4.0

5.0

| a=0.1
RBF shows the best S Iteration=50
performance

000 R0 10.0
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Robotics

Secrets of RBF Network:
“Initial Weight” is important

 RBF Neural Network is the sum of Weighted RBF

n.] Figure1 [&=]
10F
”-“;,,f See example, 14rbf5k
1.0F \ -Only 5 kernels are used.
20F \
> 30
40
50
B0
7.0 ' ' ' Z
0.0 5>.<n 10.0 35 {;—.




Robotics

Comparison Three cases
See, Red line is the Result

W1=linspace(0,10,h)

W1=10*rand(1,h)

W1=10*randn(1,h)

[ 9.3679, 16.7770, -5.3647,
8.0107, 2.2742 ]

36 4=
<

| Figurel = || |5 Figurel [= |z Figure1 =]
10 10 10F
il :/ 0.0 /f———ﬁ U-U_‘
- TN [ a0-
10- \ A0~ | A
I I 20-
20 20-
20-
> 20 > a0~ -
40- .
40- 40-
50
50- 50- o
" The Best o7 - The Worst case
785, 50 100 700 50 ] *° 0o I 5;-? 100
% %
_ _ Wil=
W1=[02.55 7.5 10] Wi=[2.2, 1.5, 6.8, 8.2, 7.8]




Robotics

Kernels are Fighting

]

« dW is given for kernel’s development.
« Each kernel wants to grow.
« But, Good for the one is NOT Good for others

(]

%



Initial Guess of Weight is mean value

k

9(x)2®k(x)zexp(—[xgwkj ]

W1=linspace(0,10,h) is balanced guess between 0~10
rand or randn(Gaussian random) might be Good or Bad.
Thus, case 1 is the best.

Question:

— 1. NN performance looks very sensitive to initial guess. Then,
how we use it?

— 2. If we increase kernel number, what happens?

38
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Robotics

Back to |4rbf.py

 Compare two cases

= x
o o

e

fi

I

Why randn is better than rand? )

R




Why randn Is better than rand in this case?

0.o- no-

1.0 - 1.0+
20- -20-
>=-30-

4.0 - A0

.0 - 50-

_E_D__ W1l=randn _E_D__

B L 1 1 1 1 Tl 1 1 !
0 0.0 R0 1|:|_|:|| [ 0.0 5.0 10.0

b *

« randn() generates W1 around zero. Thus, estimation
error around zero is Better.

« rand() seems to have lack of initial kernel around zero.

Thus, big errors around zero. &



Why Not 10 but 20 Is taken?

0.0

-1.0

2.0

=30

A0

.0

7.0

-
———

0 5.0 100
i |

e Graph is drawn from 0 to 10.
« But, W1 =10 randn
« X<0 or X>10 has larger errors

Robotics

Error Occurs

41
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Robotics

Why Not 10 but 20 Is taken?

0.o-

1.0~

OIO0GK

~ oo 5.0 100
- |

I~

« Kernels < 0 or Kernels >10 makes an good effect on
Neural network(NN) estimation.

42
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Neural Network with Multiple Sample
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XOR Problems

« XOR operation

A____|B___|XOR Special use

A=0or1
XOR(A,A)=0

o O - B
S r»r O B
oS  +— O

NN was challenged with XOR Problem by Minsky

A A

44
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Build Network Structure
Multiple Samples Inputs X=(x1,x2)

Y

Input Output
Node © 0 O Node
w2 CITIT F
Y1 “Samples”< T|F T
Y
FIT T
leq)(xl)
| F| F F
X1 «
W1

e See that 4 cases are thought as sample number

45
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Robotics

See the Network Differences
Sigmoidal and RBF Network VS. XOR Example

Neural > ¢ Neural _@
Network Network

Input, X Output, Y Input, X Output, Y
Sigmoidal(logsig) and RBF It is the first Example that
Network Example We uses multiple samples as inputs

 Remind that Regression Example used Multiple
Samples.

« We build NN with Multiple Samples, not with one
sample 15

%



XOR NN

Y
Sample #: n —
w2 0
n|x I w1 —  y1 (1B — Y
Y1 nxh
Y, =®(X,) X P
1 1 ) (h+1)x 1
' 0
X1 X =[x 1] —W, Y,
nx3 3xh n>ih
w1 \ 11— W, Y
_ nx(h+l)  (h+1)x1 nx1
® =logsig
T|IT F F
TIF T T
X y e= vy - Y
FI T T T
FIF F F &




XOR NN

Y
Sample #: n —
w2 d
n | x|I w1 —  y1 (1B —y
Y1l
nxh
_ X L
Y, =D (X)) 2 (h+1)x 1
y 0
nX3 3><h n)ih
Wi W
Y, 1]=W, — Y
- hl)  (h+D)x N>l
® = logsig i
T h Twll Twi2 Twi3 Twl4 Twi5
T|1 +Tw21 +Tw22 +Tw23 +Tw24 +Tw25
TTEl1 wil |wil2 | wi3 | wld | wls +w31 +W32 +w33 +w34 +w35
n w2l w22 lw2s | w2a | wes | = | Twit Twi2 Twi3 Twl4 Twi5
F Tl1 +Fw21+w | +Fw22 +Fw23 +Fw24 +Fw25
w3l | w32 | w33 [ w34 | w35 31 +w32 +w33 +w34 +w35
FIF[1




We know the Patterns from Sigmoidal

Example
Y
Sample #: n —
W2 )
n|x|I w1 —  y1 |1 — Iy
Y1 nxh
Y, =0(X,) o (h+1)x 1
y @
X1 X =[x 11-W Y,
nx3 3xh n>ih
w1 W
Y, 1]—=W, — Y
CD — IOQSlg nx(h+1) (h+1)x1 nx1
1 . 1 1
J = _Z(Yk — Yk )2 = _Zekz =—e'e
2 K 2 k 2 aJ T T .
=[x 1s) ((enita)  o®p)
. 6\] T T ' 8W %2 n><1n3 nx1"72,hx1 J o nxh
Matrix: —2- =[x 1] (eW, 0 @) = il
! 0J
: T = _([Y1 |1]T ) €t 49 @@=
VeCtOr . — _[Yl I] e aWZ (h+1)x1 nxh nx (h+1)xn s)"



Matlab XOR Example

p=[0 O
Y 1 0
0 1
1 1
W2 1:
Y1
t=[101101]F"%;
Y, =D(Z) in = 2; % input node
hn = 2; % node at hidden
YA on = 1; % output node
w1
W, W,
3)(2 3x1
XOR circuit is designed This case uses only two hidden states.
with two hidden nodes It is the minimum condition for XOR

50

1
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Matlab XOR Example

0.25

0.2

Cost ]

0.1

0.05

0 r 2
0 200 400 600 800 1000 1200 1400 1600 1800 2000

E =
-8.08243 a.8235 a.8235 -0.08283
W = w2 =
L.1882 -3.2819 11.1589
L.1a882 -3.2019 11.6657
-2.8181 L4 7616 -16 .5765

for k=l:data

% Forward

¥1 = ([ uk" 1]*wWl) ";
¥l = logsig(Xl);

2 = ([ ¥Y1" 1]1*W2) "';
¥2 = log=ig(X2);

d=sigZz = ¥Y2.%(1-Y2);
d¥d dwz = [ Y1 ;1]l%d=ig2’;
d=igl = desig2*¥l.*(1-Y1);
d¥l dWl= -[ uk ;1]*dsigl";

dWl = dWl-eta/data*E(k)*dYl dWl;
dW2 = dw2-eta/data*E(k)*dY2 dw2;

Robotics

1
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