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Robotics

Problem of Rotation along an Arbitrary AXis

Rotation
Along 3-5

) S

, RotZ(Y")

« Homogeneous Transform needs

Complex
Angle
Calculation

— We find proper Rotation and Rotation for an Arbitrary Axis

- Itis NOT Easy
— Reminds HW 10

 How we do it Easily - Quaternion by Hamilton
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B

Quaternion

q=S+XI+Yy]+ZK ge’

real imaginary

* Quaternion is a Four Dimensional Complex Number
— Remind we learn 2 Dim Complex number

Z=X+Yl 2e”’

e Quaternion has
— 1 scalar value(Real Part) RE(C]) =S

— 3 dimensional Imaginary Part |m(q) _ (X y Z)
— Imaginary patis a 3 Dim. vector P
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Robotics

Quaternion has three imaginary part, 1, |, k

q=S+XI+Yy]+2zK

i =1 “
jlj =1 )
Kk =—1 |

Same as in Complex humber

ij =k
ik =i
K = |

Defining i*j = k
that i, j, and k
are orthogonal

« Mainideais thatl, |, and k are Orthogonal as in XYZ

3D space
ilj, jLk, kLi
 Similar to Cross Product.
i ==k, kllj=—-1, ilk=—]
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Robotics

Quaternion Basic Form
q=S+Xi+Vy]+zK
=S+ (Xi+ yj + zk) >
=(s,u)

« Quaternion has one scalar(Angle) and one Vector(axis)
* Quaternion Addition

q1231+x1i+3/1j+21k’ CIz:Sz"l')(zi"|'3’2j"‘sz
SO+ = (S S) (X X))+ (Y +Y,) I+ (2 +2,)K
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Robotics

Quaternion Multiplication (1)
G =S +XI+Y J+ZK, 0 =8, +X1+Y,]+Z)K
0,0, = (S + X0+ Y, j+ZK)(S, + X0+ Y, j+2,k)
=SS, +S,X1+SY,]+SZ,K+
X,S,0 + X X0 + X Y,ij + X, Z,iK +
ViSp )+ YiXo Ji+ YiY, 1 + Yiz, K +
2,5,k + 2, %Ki + 2,y,Kj + 2,2,k*

B
!
L
=

!
|
1

=SS, +S,X,I1+S,Y, ] +S,Z,K+
XS0 — XX, + X, Y,K—XZ,]+
ylszj - y1X2k — VY, + ylzZi +

Z,S,K+2X,]—2Y,1—2,Z, 6 &
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Quaternion Multiplication (2)

g,-9, = [3152 — XX =YY, - 2122]+
SXI1+8 Y, ] +SZK+S,X1+S,Y,]+S,Z,K+

(Y122 o Z1Y2)i "'(lez _Xlzz) J "‘(lez _ Y1X2)k

0,-0, =[s,S, — U, o, |+[s,U, + 5,0, + U, x0, | =s'+0'e Q

« Magnitude of Quaternion
— Remind |Z| |z |=|zZ |
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Unit Quaternion

« Magnitude of Complex Variable Quaternion |q]

— Remind |z] | 7 |2:| Zﬂ

— Magnitude of Quaternion q=(s,0) Qg=(s,—0)

0,-0, =[s;S, — U, o, |+[s,U, + 5,0, + 0, x0, | =s'+0'e Q
q-0=[ss—Ue(-0)]+[si—st+Ux—0]
=s°+lel

« Definition of Pure Quaternion: s=0
g, =(0,4) .. |q-Ol|={ueu]
« Definition of Unit Quaternion(Versor) : |q, |=1

q-G = s? +Uel=1 .
R
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Inverse Quaternion

* Inverse Quaternion is derived from Magnitude Equation

lql’=q-q
_ q

LT =
gl

 If g is an unit quaternion,

lalF=q-g
_ J _
L= =1
lqlP |
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Robotics

Let’'s go Back to Arbitrary Rotation
by Vector Calculus (NOT Quaternion)
u

(=

vertex V

L)

0 =R, (V)

v, : Parallel to U

v, : Perpendicular to U

V'=R,(V)=R,(V,)+R,(V,) ,
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Robotics

ua
4 /_\
Vv
A rotation
V ¢ A
S \ Vt RQ (Vs)
Derive Vs Derive w

R, (V,) = Ccos &V, +sin 6w
11 =
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R, (V.) = COS &V, +sin OW R, (0,) =V, = (V)d
0. =¥ — ()4 W=00xV

R, () = cos 6 (¥ — (V)d ) +sin 6 (U xV)
= C0s ¥ — cos O(VL0)G +sin 60 x V)
V= Re(o) = Re(vs) + Re(vt)
= cos NV —cos O(VLU)U +sin 6l x V) + (V1)

= oSN + (1—cos @) (VL) +sin (G xV)
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Robotics

Example of Rotation along an Arbitrary AXIs
by Vector Calculus

i
Arbitrary Rotation
V'=cos OV + (1—cos 9) (V)i +sin (G xV)

0

vertex V

« Think that x axis rotates along z axis with 90 degree.
)2':02+(1—O)(>2[ﬁ)2+1(2x>2)
=0+0Z+y=Yy
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From Vector Calculus to Quaternion
- N =lcos +sinfal 141
If q—(s,u)—(cosz+sm2uj, lU]=1

1q-G|s? +ded]| — |q-q|=cos2§+sm2§am:1>

Lemma: V'=R, (V) qig™ 9 7

s on A_( 0 9)( 9 .HAJ
V'=qVq " =qug = cos—+sm§u v cosE—smgu

2
0. . 0. 0 0 .
=| COS—V+sin—uv || cos—,—-sin—U
2 2 2
9
2

N |
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av = (ud+u, j+uk)(v,i+v, j+vk)

=—U\V, +UuVv k-uyv, j-uvk-uyv +uvi+uyv, j-uyvi-uy,

Vi = (v, i+v, j+vk)(ui+u, j+uk)

=V U, +Vuk-vu, j-vuk-vu +vui+vu j-vui-vu,
w-va=uyvk-uv,j-uyvk+uyvi+uyv j-—uyvi-vuk+vu, j+v.uk-vui-vu j+vui

= (u,v, —u,v, =V u, +V,u )i+ (-uv, +u,v, +v.u, —v,u,) j+ Uy, —u v, —v.u, +vu )k
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. A1
vV =qvq

= C0S* g\H Zcosgsing(OX\?) —sin® g(V(UEﬁ) —20(0W))

= C0S° g\Hsin A(G x V) —sin? §\7+23in2 0(40v)

- (cos2 g—sin2 gJ\Hsin (G x V) +(1-cos §) U (iV)

= c0s 6V +sin O(Ux V) +(1—cos &) G (UV)

= cos OV +(1—cos &) G(GLV) +sin 00 x V) \

Lemma: V'=R, (V) J quq™
pp.13, Vector Calculus

V'= RQ(V) = Re(vs) + RH(Vt)
= c0s N —cos O(VL0)G +sin O (G x V) + (VIG)

= COS &V + (1—cos @) (VL) +sin «9(0><\7) &
<D
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Robotics

Quaternion is Too Complex??
Yes, It is.

o L\ 000

« Let's move to Transform matrix from Quaternion
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Quaternion To Homogeneous Transform
0'=R, (V)
6 . 0. .
q:(cos—+sm—uj, l0=1
2 2
6 .60 . .60 . .0
q=Ccos—+sin—ui+sin—u, J+sin—u,k
2 2 2’ 2

:CIO+Q1i+Q2j+q3k

Qo +C -G —0;  2(0,—0%)  2(0,05+0,0,) O
Cho| AhG+dedy) oG+ —Gy 2(0h0%—0%) O
2(q1q3 _ quz) Z(qzqs + qoql) qg— o CI12 o Q22 + q?? 0
0 0 0 1
0'=H{ =R, (V)
18 {:I
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Three Results of Arbitrary Rotation

 Vector Calculus

V'=c0s OV + (1—cos ) (VU +sin 8 (G xV)

« Quaternion Rotation vertex V
V'=qvq
= oS &V +(1—cos @) G (V) +sin O(l x V)

« Homogenous Transform

QP +0P-0r—0F  2(0,0, —0o8s)  2(Ch0; +0l,)
| 200 +000) Gy =G +0—0  2(0,05 —0oG)

2(0,0; —God,)  2(0,05+Go0y) G —0° — 07 +03
0 0 0

L O O O
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Robotics

Quaternion-> Homogeneous Transform
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